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Question 1

a) Let uw € C — {1} such that |u| = 1. Put wu into modulus-argument form and find
|1 + ul?. Conclude that |1 + u| < 2. [5]

b) Let a,b € C such that a  b. Let K >0 such that|al, |b] < K.

i) If ja] < K or |b| < K,verify that |a+ b] < 2K. [4]

ii) If |a] = K and|b] = K, showthat |a+)| < 2K. [7]

Question 2

Let S := {z €C| |z| =1}. Let ae C—S, and let f:.S — C be defined by

 

M2) = ia

a) Find f(z) and conclude that f(z) € S. [5]

b) Determine f o f. [5]

c) If |a] < 1, prove that f has no fixed points. [7]

Question 3

a) Prove that R is a closed subset of C. Whyis the limit of a convergent sequence of

real numbers a real number? Explain! [6]

b) Let (@n)n be a convergent sequence of complex numbers. Let ¢ > 0 such that
lan| < € for alln € N. Show that | lim a,| <e. [3]

n—Co

c) Let (F,)m be a descending sequence of non-empty, boundedand closed subsets of

C. Prove that

A nyt
[9]



Question 4

a) Let X C C, and let f:X — C be a function and a € X. Whenis f differentiable

at a? State the definition. What is the derivative f’ of f? [4]

b) i) Is the function Im:C — C real-differentiable? Give reasons. [4]

ii) Show that Im:C — is nowhere differentiable. [4]

Question 5

Let a,b € R suchthat a < b and let f:[a,b] — C be a continuous function.

a) What is meant by Re f? State the definition. Further, show that Re f is a continuous

function. [3]

b
b) State the definition of f f dt. Why does this definition make sense? [3]

c) Prove that

/ fat} < (b— a) max{|f(t)| | t € [a, b]}

3]

Question 6

a) Let 5+ a, and >> by be series of complex numbers. The summationstarts at 0. State
the definition of the Cauchy product of these two series. Is the Cauchy product of

two convergent series convergent? State what one knowsin this regard. [6]

b) i) State the definition of the exponential function andverify that the powerseries

whichis used in this context, is everywhere convergent. [5]

ii) Derive the addition theorem of the exponential function and show that the
addition theorem implies that the exponential function has no zeroes. [5]

b
o



Question 7

a) Whatis a star-shaped region? State the definition. [3]

b) State Cauchy’s integral theorem for star-shaped regions. [3]

c) Let H := C — (—oo,0]. Show that H is open and star-shaped with respect to 1.
Conclude that the function z € H — + € C hasanantiderivative. [6]

End of the question paper.


